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Abstract 

The aim of this note is to present some new results concerning "almost everywhere" well-posedness and stability 
of continuity equations with measure initial data. The proofs of all such results can be found in [i], together with 
some application to the semiclassical limit of the Schrodinger equation. 

Resume 

Dans cette note, nous presentons des nouveaux resultats concernant I'existence, I'unicite (au sens "presque 
partout") et la stabilite pour des equations de continuite avec donnees initiales mesures. Les preuves de tous ces 
resultats sont donnees dans [3], avec aussi des applications a la limite semiclassique pour I'equation de Schrodinger. 

Starting from the seminal paper of DiPerna-Lions [7] (dealing mostly with the transport equation), 
in [H E] the well-posedness of the continuity equation 

^//t + V ■ (btfit) = 0. (1) 



has been stronly related to well-posedness of the ODE (here we use the notation b(t, x) = bt{x)) 

X{t, x) = bt{X{t, x)) for i-a.e. t € (0, T), 
X(0, x) ~ x. 



(2) 



for "almost every" x e M''. More precisely, observe the concept of solution to ^ is not invariant under 
modification of b in Lebesgue negligible sets, while many applications of the theory to fiuid dynamics 
(see for instance [11], [12]) and conservation laws need this invariance property. This leads to the concept 
of regular Lagrangian flow (RLF in short): one may ask that, for all t £ [0, T], the image X{t, •)tJ-^'' of 
the Lebesgue measure Jf* under the flow map x i— > X{t,x) is still controlled by Ji"^ (see Deflnition ll.il 
below). Then, existence and uniqueness (up to ^''-negligible sets) and stability of the RLF X{t,x) in 
M.'^ hold true provided the functional version of ((T|), namely 

J^wt + V- (btwt) = 0, (3) 

is well-posed in the set of non-neg ative bounded integrable funtions ([0, T]; ^^(R'^) n L°°(M'')) . 

Now, we may view |(T|) as an inflnite-dimensional ODE in ^(R''), the space of probability measures in 
M'* and try to obtain existence and uniqueness results for ^ in the same spirit of the flnite-dimensional 
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theory, starting from the simple observation that t i-^ Sx{t,x) solves (U). We may expect that if we fix 
a "good" measure v> in the space ^(R'') of initial data, then existence, uniqueness i>'-a.e. and stability 
hold. Moreover, for iv-a.e. /i, the unique and stable solution of ^ starting from /i should be given by 

^^it,^l) f 6xit..)dii{x) vt G [o,r], ^^e ^(m''). (4) 



1 Continuity equations and flows 

We use a standard and hopefully self-explainatory notation. Let h : [0, T 1 X R'' -> M'' be a Borel vector 
field belonging to Lii„^([0,r]xR'^), and set bt{-) := b{t,-); we shall not work with the Lebesgue equivalence 
class of b, although a posteriori the theory is independent of the choice of the representative. 

Definition 1.1 {v-RLF in M'*). Let X{t,x) : [0,T] x R'' ^ R'' and v E ^+(R'^) with i/ < Jf* and with 
bounded density. We say that X{t,x) is a v-RLF in (relative to b) if the following two conditions are 
fulfilled: 

(i) for v-a.e. x, the function t ^ X{t,x) is an absolutely continuous integral solution to the ODE Q 
in [0,T] with X{0,x) = x; 

(a) X{t, ■)\j^v < C^'^ for all t e [0,T], for some constant C independent oft. 

By a simple application of Fubini's theorem this concept is, unlike the single condition (i), invariant 
in the Lebesgue equivalence class of b. In this context, since all admissible initial measures are bounded 
above by CSi"^, uniqueness of the J/-RLF can and will be understood in the following stronger sense: if 
/, g e L^R"^) n L°°(R'') are nonnegative and X and Y are respectively a /.if^-RLF and a g.if'^-RLF, 
then X{-,x) = Y{-,x) for ^''-a.e. a; G {/ > 0} n {g > 0}. 

Remark 1.2. We recall that the v-RLF exists for all < CI^*^ , and is unique, in the strong sense 
described above, under the following assumptions on b: \b\ is uniformly bounded, bt £ i3Vioc(K''; R'') and 
V • bt = gt^"^ < for ^^-a.e. t e (0, T), with 

||gt|Uo.(R.) GLi(0,T), \Dbt\{Bn)EL\^,T) for all i? > 0, 

where \Dbt \ denotes the total variation of the distributional derivative of bt. (See [1] or [2] and the paper 
[6] for Hamiltonian vector fields.) 

Given a nonnegative cr-finite measure v G (^(R'')) , we denote by G (R'') its expectation, 
namely 

/ (^(JMa/ = \ \ (^d[idv{[L) for all bounded Borel. 

Definition 1.3 (Regular measures in ^+(^(R'*))). Let u G ^+[0^{W^)). We say that v is regular if 
El/ < CJf^ for some constant C . 

Example 1.4. (1) The first standard example of a regular measure v is the law under p^'^ of the map 
X 1-^ (5^, with p G L^(R'') n L°°(R'') nonnegative. Actually, one can even consider the law under , and 
in this case v would be cr-finite instead of finite. 

(2) \id—2n and z = {x,p) G R" x R" (this factorization corresponds for instance to flows in a phase 
space), instead of considering the law of under p^^" of the map {x,p) i-^ S^C^Sp, one may also consider 
the law under of the map x 6x x ^, with p G i^(R") n L°°(R") nonnegative and 7 G ^(Rp) 

bounded from above by a constant multiple of .if". 
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We observe that Definition 11.11 has a natural (but not perfect) transposition to flows in ^ (K'') : 

Definition 1.5 (Regular Lagrangian flow in ^{R'^)). Let fi : [0, T] x ^(R'') -> ^(W^) and u G 
^+(^(R'')). We say that fi is a u-RLF in S^{W^) (relative to b) if 

(i) for v-a.e. n, \b\ e Lj„^((0,T) x W^-^^itdt), t ^ nt M(i,/") « continuous from [0,1] to ^(M'^) 
with /x(0,/i) = ^ and /it solves JT]) in the sense of distributions; 

(a) ]E(/i(i, •)tJ'^) ^ C^'^ for all t G [0,r], for some constant C independent oft. 

Notice that condition (ii) is weaker than n{t, •)ui/ < Cv (which would be the analogue of (ii) in 
Definition 1 1.1 1 if we were allowed to choose v = -S^"*), and it is actually sufficient and much more flexible 
for our purposes, since we would like to consider measures v generated as in Example ll.4r 2). 

2 Existence, uniqueness and stability of the RLF 

In this section we recall the main existence and uniqueness results of the z^-RLF in M.'^, and see their 
extensions to 1/-RLF in ^(M"^). The following result is proved in O Theorem 19] for the part concerning 
existence and in O Theorem 16, Remark 17] for the part concerning uniqueness. 

Theorem 2.1 (Existence and uniqueness of the i^-RLF in M''). Assume that ^ has existence and 
uniqueness in L5°([0, T]; Li(R'') n L°°(R'^)). Then, for all < if^ with bounded density the v-RLF 
exists and is unique. 

The next result shows that, uniqueness of ^ in L°^{[Q,T]\L'^{W^) n L°°{M.'^)) implies a stronger 
property, namely uniqueness of the iv-RLF. 

Theorem 2.2 (Existence and uniqueness of the I'-RLF in ^(M'^)). Assume that ^ has uniqueness in 
L~([0,r];Li(M'^) nL°°(]R'^)). Then, for all v e .^+{^{R'^)) regular, there exists at most one u-RLF 
in If © has existence in ([0, T]; ^^(R^) n i°°(R'')) , this unique flow is given by 

m(^, 5x(t.x)d^.{x), (5) 

where X{t, x) denotes the unique Eu-RLF. 

For the applications it is important to show that RLF's not only exist and are unique, but also that 
they are stable. In the statement of the stability result we shall consider measures £ ^(^{R'^)), 
n > 1, and a Hmit measure u. We shall assume that Vn = (*n)jIP, where {W, T, P) is a probability measure 
space and in '■ W ^ ^^(R'^) are measurable; we shall also assume that v = zjP, with in ^ i P-almost 
everywhere. (Recall that Skorokhod theorem (see [H §8.5, Vol. II]) shows that weak convergence of Vn 
to V always implies this sort of representation, even with W = [0, 1] endowed with the standard measure 
structure, for suitable z„, i.) The following formulation of the stability result is particularly suitable for 
the appHcation to semiclassical limit of the Schrodinger equation. 

Henceforth, we fix an autonomous vector field b : E'' ^ R'' satisfying the following regularity condi- 
tions: 

(a) d^2n and h{x,p) = {p, c{x)), {x,p) G R'', c : R" R" Borel and locally integrable; 

(b) there exists a closed Jf"-negligible set S such that c is locally bounded on R" \ 5. 
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Theorem 2.3 (Stability of the z^-RLF in ^{R'^)). Let i„, i he as above and let fi^ : [0,T] x i„(VK) 
^(M"*) be satisfying /x„(0, i„(w)) = in{w) and the following conditions: 

(i) (uniform regularity) 

sup sup / / 4)dfij^{t,in{w)) dF{'w) < C / 0dx 
n>ite[o,T]Jw Js.'' Js.i' 

for all (f> G Cc(M'') nonnegative; 
(a) (uniform decay away from S) for some /3 > 1 



sup lim sup 

5>0 ri-»oo Jw Jo J Br disV {x, S) + S 



■ dn„{t, in{w)) dt dF{w) < oo Vi? > 0; (6) 



(Hi) (space tightness) for all £ > 0, P( {w : sup /x„(i, in{'w)){R'^ \ Br) > e} ) ^0 as R ^ oo; 



(iv) (time tightness) for P-a.e. w E W, for all n > 1 and (f) G C^{W^), t cj) dHj^{t,in{w)) is 

absolutely continuous in [0, T] and 



lim viiw eW 



(j)dn^{t,in{w)) 



dt > M 



}) 



0; 



(v) (limit continuity equation) 



lim 

n — >oo 



W 



tf'{t) I (j)dfi^{t,in{w)) + (p{t) {b,V(f))dn„{t,in{'w)) 



dt 



dFiw) = (7) 



for all (p e C^{m.'' \{Sx R")), ip e C^{0, T). 



Assume, besides (a), (b) above, that ([31 has uniqueness in ([0,T];Li n Then the u-RLF 

IJ.{t,ii) relative to b exists, is unique (by Theorem \2.2]) and 



/ sup ds^{^l^{t,^n{w)),li.{t,^{w)))dF{w) =Q 

Jw tGfO,Tl 



lim 



(8) 



where d<^ is any bounded distance in 



in. 



weak convergence of measures. 



An example of application of the above stability result is the following: let a £ (0, 1) and let V'So.po ■ 
[0, T] X M" — >^ C be a family of solutions to the Schrodinger equation 



(9) 



with 00 G C2(R") and J \(j)o\'^ dx = 1. When the potential U is of class it was proven in (£1 110| that 
for every (xo,_po) the Wigner transforms WeV'So.po converge, in the natural dual space A' [lO] for the 
Wigner transforms, to Sx{t,xo,po) as e J, 0. Here X{t,x,p) if the unique flow in R^" associated to the 
Liouville equation 

dtW + p-V^W -VU{x) -VpW ^0. (10) 
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In [4], relying also on some a-priori estimates of [3] (see also [8]), the authors consider a potential U 
which can be written as the sum of a repulsive Coulomb potential Us plus a bounded Lipschitz interation 
term Uh with VC/b e BV\oc- We observe that in this case the equation (fTOl) does not even make sense for 
measure initial data, as VC/ is not continuous. Still, they can prove full convergence as e J, 0, namely 

lim / p{xq,pq) sup dA'{We'>p%„p„{t),5x{t.xa,po))dxGdpo = Q VT > (11) 

JR'' te[-T.T] 

for all p G L1(M2") n L°°{M?'') nonnegative, where X{t, x,p) if the unique ^^"-RLF associated to ^ 
and d^' is a bounded distance inducing the weak* topology in the unit ball of A' . 

The proof of ifTTj) rehes on an appHcation of Theorem 12.31 to the Husimi transforms of ipxo,poi^)- 
The scheme is sufficiently flexible to allow more general families of initial conditions displaying partial 
concentration, of position or momentum, or no concentration at all: for instance, the limiting case a = 1 
in ^ (related to Example [Olf 2)) leads to 

lim/ p{xo) sup dA'{W,ijl^p^{t),fi{t,p{xo,Po)))dxo = Vpo e M", T > 

jRd te[~T,T] 

for all p e LH]R")ni°°(M") nonnegative, with n{t,fi) given by g]) and fi{xo,Po) = K x l0oP(- -Po)^"- 
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